In this paper, we work on the topological Lifshitz-like black hole solutions of a special class of vacuum F (R)−gravity that are static and spherically symmetric. We investigate geometric and thermodynamic properties of the solutions with due respect to the validity of the first law of thermodynamics. We examine the van der Waals like behavior for asymptotically AdS solutions with spherical horizon by studying the P − v, G − T and CQ,P − r+ diagrams and find a consistent result. We also investigate the same behavior for hyperbolic horizon and interestingly find that the system under study can experience a phase transition with negative temperature.
I. INTRODUCTION
F (R) gravity is one of the best models of modified general relativity with a renewed interest in recent years. In addition to the simple and general Lagrangian of this model, the main (but not the first) motivation of considering F (R) gravity with arbitrary function of Ricci scalar is that one can explain the accelerated expansion and structure formation of the Universe without considering dark energy or dark matter. It is also believe that some curvature corrections arising from quantum theory of gravity may be collected to special functional forms of F (R) gravity.
On the other words, some defects in Einstein's general relativity and also the motivation of studying more complete and general gravitational models, have led to the creation of general modified gravity models. These gravitational models have been considered in various branches of gravity, cosmology, astrophysics and their interesting results have made these models appropriate generalization for the Einstein's gravity [1] [2] [3] . In the last decade, special attention was given to modified theories that generalize the gravitational action integral with the simplest model, the so-called F (R) gravity [4] . There are two approaches for obtaining the field equations of the generalized F (R) gravity. The first one is the standard metric formalism and the second one is the Palatini formalism [5] in which metric tensor and connection are treated as independent variables when we vary the action. There are many viable F (R) models that can satisfy both cosmological and local gravity constraints [6] [7] [8] [9] . Moreover, F (R) gravity can be reduced to general relativity in the specific cases [10] . Nowadays, F (R) gravity has attracted much attention from the researchers and there are many studies in this field [11] [12] [13] [14] .
The pioneer work of Horava in 2009 [15] , the so-called Horava-Lifshitz gravity is one of the candidate theories of quantum gravity. Since general relativity is not a renormalizable theory (it means that it is successful as as a classical theory of gravity, but it breaks down at some scale so), it should be viewed as an effective theory. Beyond that scale general relativity is not enough to describe the gravitational interaction or spacetime itself and one cannot construct its quantum counterpart using conventional quantization techniques. On the other hand, within this perspective that general relativity is an effective theory, this theory solves some problems in general relativity by treating the quantum concept as the more fundamental so that space and time are not equivalent (anisotropic) at high energy level. The relativistic concept of time with its Lorentz invariance emerges at large distances. The theory relies on the theory of foliations to produce its causal structure. It is related to topologically massive gravity and the Cotton tensor. So it may have a possible UV completion of general relativity to address this issue. Recently, the proposed HoravaLifshitz gravity promises a UV completion of Einstein's theory by sacrificing general covariance at short distances and introducing anisotropic spacetime scaling. In addition, Donoghue showed that general relativity and quantum field theory can be perfectly compatible if the quantum gravity is formulated as an effective field theory [16] . Therefore, the effective field theory of quantum gravity is valid above which the effective description is replaced with the UV completion. Furthermore, Horava-Lifshitz gravity theory can be employed as a covariant framework to build an effective field theory for the fractional quantum Hall effect that respects all the spacetime symmetries such as nonrelativistic diffeomorphism invariance and anisotropic Weyl invariance as well as the gauge symmetry. Consequently, investigation of Horava-Lifshitz gravity family can help us to deepen our insight for moving from classical gravity point of view to quantum one.
According to the discovery of Hawking radiation [17] , one find that the black hole thermodynamics has crucial role for studying the quantum nature of gravity. Hawking tried to show that black holes behave like black bodies in the usual thermodynamic sense, emitting radiation with a thermal spectrum [17, 18] . In this regard, many authors have tried to obtain a new approach to find a statistical origin to Bekenstein-Hawking entropy [19] .
The entropy of Einsteinian black hole, known as the Bekenstein-Hawking area law entropy, suggests that the quantum degrees of freedom of a typical black hole are effectively distributed over a surface, rather than a volume. Following the works of t Hooft [20] and Susskind [21] , one can find this crucial result based on the holographic principle, in which says that quantum gravity in a given volume should be described by a theory on the boundary of that volume. The mentioned holographic principle is related to the so-called anti-de Sitter/conformal field theory (AdS/CFT) correspondence [22, 23] . In the other words, in order to explain the holographic principle, a consistent quantum gravity theory should admit two equivalent descriptions (AdS/CFT correspondence): one as a bulk semiclassical general relativity theory, and one as a boundary quantum field theory. So, investigation of black hole solutions with AdS asymptote, which has an undeniable role for constructing a consistent quantum gravity theory [24] , has special interest.
Recently, a renewed interest in phase transition of asymptotically AdS black holes, especially van der Waals like [25] , has appeared. Subsequently, a number of interesting results, such as, triple points [26] , reentrant phase transitions [27] , and analogous Carnot-cycle heat engines [28] were obtained. Regardless of massive gravity black holes [29] , it is known that the van der Waals behavior in Einstein gravity is seen only for AdS black holes with spherical horizon [25] , and therefore, such behavior does not take place for AdS black holes with flat or hyperbolic horizons (no real critical point is found). In this paper, we observe that in addition to spherical horizon, one can find the van der Waals behavior in the especial case of F (R) gravity with hyperbolic horizon. It is note that in this case, although the critical volume and pressure are positive, the critical temperature is negative. Since negative temperature has a physical interpretation in usual thermodynamics of quantum system (e.g: a system of nuclear spins in an external magnetic field or population inversion in laser [30] , it will be interesting to investigate our solutions with quantum mechanical point of view.
In this work, we are going to evaluate thermodynamic phase transition of black hole solutions in a special class of F (R) gravity with constant Ricci scalar in which both F (R) and its derivative F R (R) are vanished in the field equations. The structure of our paper is as follows: in next section, we are going to introduce F (R) gravity, in brief, and then we obtain the special class of exact solutions with black hole interpretation. Then we investigate geometric and thermodynamic properties. In Sec. III, we work in the extended phase space and investigate the possible phase transition and van der Waals like behavior. We also discuss thermal stability and critical quantities. Final section is devoted to some concluding remarks.
II. BASIC EQUATIONS AND DYNAMIC BLACK HOLE SOLUTIONS
The purpose of this paper is to study the thermodynamics of a typical anti-de Sitter black hole solution in four dimensional F (R) = R + f (R) gravity in which the Ricci scalar is constant (R = R 0 ). Let us first consider the 4-dimensional action of R + f (R) gravity which is given by
where M is a four-dimensional bulk manifold. It is clear that for F (R) = R (f (R) = 0), one can recover the HilbertEinstein action of General Relativity. Using the variational principle on the action of F (R) gravity (1), it is a matter of calculation to show that the field equation is given by
where we use the notation A B = dA dB . We can also rewrite Eq. (2) with the following manner
In this paper, we follow the method of Ref. [31] , which is a special class of F (R)-gravity models with two constraints, simultaneously, F (R 0 ) = 0 and F R = 0. Taking into account the mentioned constraints, one can find that the vacuum equation (3) are automatically satisfied with arbitrary R 0 . It is notable that the mentioned class does not cover the usual general relativity solutions since the vacuum field equation of general relativity with arbitrary metric identically satisfied F R = 1 with vanishing Ricci scalar. Consequently, our strategy is working is some viable models of F (R)-gravity that satisfy these conditions and solving the the equation of constant Ricci scalar. As it is mentioned in [31] , there are several models for the early-time inflation or late-time accelerated expansion that can satisfy the mentioned constraints. As a result, we regard a spherically symmetric and static solutions with constant Ricci scalar which are reported in [31] to investigate their possible phase transition.
Here, our main motivation is studying thermodynamical and geometrical aspects of topological black hole solutions with Lifshitz-like spacetime. Therefore, we consider the metric of 4-dimensional spacetime as [31] 
in which
where k = 1, 0 and −1 represent spherical, flat and hyperbolic horizon of possible black holes, respectively. Hereafter, we indicate ω k as the volume of boundary t = cte and r = cte of the metric. Since we desire to study the Lifshitz-like solutions [31] , we define α(r) as
where z is a real number and r 0 is an arbitrary length scale. Inserting Eq. (6) in the introduced metric (4), one can obtain
Considering the metric (7) with the mentioned field equation (2) (and also the mentioned constraints for special class of F (R)-gravity), one can extract the metric function for R = R 0 , where
with the following exact solutions [31] 
where K and λ, are two (positive/negative or zero) constants which their values are depending on the signs/values of k and R 0 as
In addition, C ± are two integration constants while b ± is
Avoiding complex values of B(r), one may regard the following constrain on z
According to the above constrain on z, one can find the allowed ranges of b ± as follows 
In order to interpret the solutions as black holes, we should examine the existence of horizon and singularity for the singular black holes. The presence of singularity could be investigated by studying curvature scalars for which we choose the Kretschmann scalar. It is a matter of calculation to show that for these solutions, the Kretschmann scalar is
It is straightforward to show that Eq. (18) diverges at r = 0 and it is finite for r = 0. In addition, according to the Fig. 1 , one finds that the metric function has at least one real positive root (with positive slope). As a result, the mentioned solutions can be interpreted as black holes. In addition, according to Fig. 1 and also Eq. (9), one find that for positive and negative R 0 , one can find asymptotically dS and adS, respectively with an effective cosmological constant, Λ ef f = 6R0 z 2 +8z+24 . Moreover, it is clear that for vanishing R 0 and k = 1 the mentioned solutions are asymptotically flat only for z = 0 (we should note that although z = −2 with k = 1 leads to K = 1, but z = −2 is not allowed based on Eq. (13) ). Now, we are in a position to study thermodynamical properties of the solutions and investigate their thermal stability based on the heat capacity.
A. Conserved and thermodynamical quantities
Here, we are going to calculate the conserved and thermodynamic quantities of black holes in F (R) gravity. Due to the fact that the employed metric contains a temporal Killing vector, we use the concept of surface gravity to calculate the temperature of black holes at the event horizon r + T = 1 2π
where χ ν = δ ν 0 is the Killing vector. Regarding Eq. (19) with metric function (9), one can find
where C + is removed due to the fact that the metric function vanishes on the event horizon, r + . In order to study the entropy of black holes in F (R) = R + f (R) gravity, one can use the generalized area law [1] . According to the result of Ref. [1] , the entropy can be calculated as
where A is the event horizon area of the black holes. But here we have used two constraints F (R) = 0 and F R = 0, and therefore, Eq. (21) leads to zero entropy. In order to obtain the nonzero entropy, we may use the first law of thermodynamics. Taking into account the timelike Killing vector (∂/∂t), one can show that the finite mass per unit volume ω k can be obtained as
Here, we desire to calculate the entropy in by using the validity of the first law of thermodynamics. It is easy to show that
and therefore, it is a matter of calculation to show that the following equality holds
It is easy to check that for z = 0 (b − = 1) the area law of the black hole entropy is recovered.
III. EXTENDED PHASE SPACE THERMODYNAMICS, THERMAL STABILITY AND PHASE TRANSITION
Regarding the variation of the cosmological constant as the vacuum expectation value of a quantum field, one may expect to consider it and its conjugate in the first law of thermodynamics [32] . In this regard, the cosmological constant interpreted as a dynamical pressure of the black hole system as [25] 
where its conjugate quantity is the thermodynamic volume
It is notable that since we desire to investigate the possible van der Waals phase transition, we regard negative cosmological constant (positive P ) and spherical horizon (S 2 ) with volume ω 1 = 4π. Regarding the relation for the temperature (20) with the mentioned equation of pressure (25), we can obtain the equation of state P = P (T, r + ), as
where r + is a function of the thermodynamic volume as indicated in Eq. (26) . Following Ref. [25] , one can find a relation between the horizon radius and specific volume. In the geometric units, we can obtain
As a result, we can work with specific volume, or directly, the radius of event horizon as volume representative. Supposing the existence of critical behavior of the system in the P − V isotherm diagram, one finds that the inflection point of P − V diagram can be interpreted as the critical point on the critical isotherm with the following properties (27), we can calculate the critical parameters as
These relations lead us to obtain the following ratio
where the constant ξ is defined as
It is easy to check that for z = 0, the mentioned ratio reduces to the van der Waals fluid, 3 8 . On the other hand, thermodynamic behavior of a system can be investigated by some thermodynamic potentials such as the free energy. It is known that the enthalpy of black holes in the extended phase space is the total mass. The reason is due to the fact that the cosmological constant is no longer a fixed parameter but a thermodynamical one. Due to modification in interpretation of the total mass of the black holes in extended phase space, the Gibbs free energy is given by
or equevalently its value per unit volume ω k is
In order to investigate thermal behavior of the obtained black holes, we have plotted P − r + isotherms and G − T diagrams. The presence of both swallow-tail characteristic in G − T diagrams and the inflection point in P − r + diagrams indicate that our system undergos a first order phase transition. Generally speaking, the van der Waals like phase transition between two different phases is characterized by a swallow-tail shape in G − T diagrams and the inflection point in P − r + plots. In our case, such a behavior represents a phase transition between small and large black holes. Now, we desire to investigate thermal stability of the obtained black hole solutions. In order to discuss thermal stability of a black hole, one can calculate the heat capacity and discuss its sign (positivity/negativity) through its roots and divergencies. Basically, the conditions regarding thermal stability of black holes could be attained by studying the sign of heat capacity. Regardless of the values of parameters in the theory, positivity of the heat capacity ensures thermal stability of the solutions, whereas its negativity is considered to be an unstable state. Another advantage of investigating the heat capacity is the relation of its divergencies with phase-transition interpretation. Since we are working in the extended phase space, the heat capacity is given by
By using the equations of temperature (20) and entropy (24), we can obtain the heat capacity of black holes as
where
A. Results and discussion Regarding Figs. 2, 3 and 5, one can find that for T < T c (in P − r + diagrams) or P < P c (in G − T and C Q,P − r + diagrams) there is a van der Waals like phase transition for the obtained black hole solutions. The critical behavior is indicated as blue-bold line in the mentioned diagrams. As we expected the results of all diagrams are consistent. Strictly speaking, regarding isotherm P − r + diagrams, we find that for T > T c an ideal gas behavior with no phase transition is observed. The critical isotherm is plotted for T = T c with an inflection point at P = P c , r + = r c . For T < T c a van der Waals like shape is appeared.
Taking into account G − T diagrams, one can find an smooth curve for P > P c , a continuously curve which is not differentiable at a point with P = P c and T = T c , and a swallow-tail shape for P < P c , which is the characteristic of a phase transition in G − T diagrams.
In addition, having a look at the heat capacity diagrams, we find that there is thermally stable black holes with positive definite heat capacity for P > P c , while for the critical case, P = P c , there is only one divergence point in the heat capacity diagrams, in which the positive sign of C Q,P does not change around the singularity. Finally for P < P c , we observe two divergence points, in which the heat capacity is negative between them, and therefore, there is a phase transition between the mentioned two divergence points.
Having a glance at the critical quantities, one can find different behaviors. According to Fig. 4 , we find that P c (v c ) is a decreasing (an increasing) function of z, while the is a minimum (maximum) for T c (ρ c ). Therefore, in order to have a universal ratio such as the van der Waals fluid, one can obtain z ≃ −0.1853, in addition to z = 0. It is also worth mentioning that for z −→ 2 − , both P c and ρ c vanish and criticality is disappeared. For z > 2, all critical values are complex and one cannot obtain real valued critical quantities. All the mentioned calculations are done for the spherical horizon, k = 1. Since some of the critical quantities depend on the topological factor (k), linearly, one cannot find a nonzero critical quantity for black holes with flat horizon. But for hyperbolic horizon, one may look for the possible van der Waals like behavior, the same as that is happen in massive gravity [29] . We postpone this interesting subject to appendix.
IV. CONCLUSION
In this paper, we have studied thermodynamic behavior of topological black hole solutions with Lifshitz-like spacetime. We have worked in a special class of F (R) gravity models with constant Ricci scalar in which satisfies two simultaneous conditions, F (R 0 ) = 0 and F R = 0. We have shown that although these solutions are asymptotically AdS with an effective cosmological constant for nonzero Ricci scalar, for vanishing Ricci scalar obtained solutions are not asymptotically flat unless for vanishing Lifshitz parameter.
We also calculated thermodynamic quantities and found that the solutions of this special class of modified gravity do not undergo the usual entropy and mass that reported in F (R) gravity black holes, since F R = 0. We have calculated the entropy by using the first law of thermodynamics and found that it reduces to area law for vanishing Lifshitz parameter, z = 0.
In addition, we investigate the phase transition in the extended phase space thermodynamics by considering the cosmological constant (which is proportional to the constant Ricci scalar) as a thermodynamical pressure for the spherical horizon black holes. We have studied the van der Waals like behavior by investigating three diagrams: isothermal pressure-volume, isobaric Gibbs free energy-temperature, and isobaric (isocharge) heat capacity-horizon radius. We have found that all the mentioned diagrams have consistent result to show three cases: completely stable state without any phase transition, critical behavior in the critical diagrams, and existence of a van der Waals like phase transition. We have shown that the Lifshitz parameter has an important role for the values of critical quantities.
We also extended our calculations to the case of hyperbolic horizon black holes and showed that a van der Waals like behavior can be observed only for negative temperature. In other words, for k = −1, although all physical quantities are positive, temperature is negative which may explain based on a quantum behavior of the black holes. Since it is a new result in the context of F (R) gravity, it will be interesting to work on its nature by calculation of temperature based on statistical mechanics and simulate it with a quantum system with negative temperature.
V. APPENDIX: VAN DER WAALS LIKE BEHAVIOR FOR
Here, we are going to examine the possible van der Waals like behavior for the black hole solutions with hyperbolic horizon (k = −1) . According to Eq. (30), Fig. 6 and table II, we find that a van der Waals behavior for hyperbolic horizon is observed. It is notable that although the critical volume and pressure are positive, the critical temperature is negative. In other words, all physical quantities such as Gibbs free energy, volume and pressure are positive in this case, but the same as those of nuclear spins system in an external magnetic field and population inversion in laser, temperature is negative. In this regard, although the swallow-tail shape in G − T diagram and van der Waals behavior in P − r + figure are make sense, the interpretation of phase transition (between two stable states) based on the (positivity of) heat capacity should change. Since negative temperature of physical system is a quantum mechanical behavior (it is not observed in classical systems), it will be interesting to investigate the thermodynamic behavior of the mentioned black hole solutions with the statistical mechanical approach. 
